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^ ■ Abstract 

A method for obtaining complex analytic realizations for a class 
^ ' of deformed algebras based on their respective deformation mappings 

■ and their ordinary coherent states is introduced. Explicit results of 

such realizations are provided for the cases of the g-oscillators (g-Weyl- 
Heisenberg algebra) and for the suq{2) and sug{l, 1) algebras and their 
co-products. They are given in terms of a series in powers of ordinary 
derivative operators which act on the Bargmann-Hilbert space of func- 
tions endowed with the usual integration measure. In the g — > 1 limit 
these realizations reduce to the usual analytic Bargmann realizations 
for the three algebras. 



1 Supported by DGICYT, Spain. 
*azcarrag @ evalvx.ific.uv.es. 
**ellinas @ evalvx.ific.uv.es. 



1 



I. -Introduction 

The representation theory of quantum algebras and groups [|l], ||, H, H, 
constitutes an open field of research. Some of the features specific to quan- 
tum algebras, for example those appearing when the deformation parameter 
q becomes a root of unity, have been studied already ^. It will be shown 
here for some of the simplest types of deformed algebras that also for q real 
there are some interesting realizations which can elucidate the relation between 
deformation and non-linearity. 

We will confine our scope in this paper to three of the simplest quantum 
algebras i.e., the so called q-oscillator and the suq(2) and suq{l, 1) algebras 
1^, ^ 0, |Tl|. We will seek complex analytic realizations of the above al- 
gebras which, unlike the ones existing in the literature which are based on 
the so called g-coherent states |T^, O, M and involve g-deformed (Jackson) 



derivatives 0, [T^ , will be given instead in terms of a series of higher powers 
of ordinary derivatives. The representation spaces of these deformed realiza- 
tions will be the ordinary Hilbert spaces of square-integrable analytic func- 
tions L'^i^, dix{()), built on the corresponding cosets of the non-deformed Lie 
groups, i.e G/H = Weyi-Heisenberg ^ su^ su^^ ^^^^ invariant measure 

of integration dfi{(), the so-called Bargmann measure, will be explicitly given 
below for each case. One feature of the obtained realizations of the quantum 
algebra generators is that they constitute a deformation of the ordinary Lie 
algebra generators in the sense that they involve a series in powers of ordinary 
derivatives (the coefficients of which depend on the deformation parameter 
q) that reproduces in the 'classical' g — 1 limit the Lie algebra vector field 
generators. 

The outline the paper is as follows: in Section II, the required coherent 
states (CS) formulae for each of the non-deformed Weyl-Heisenberg (wu), 
su{2) and su{l, 1) algebra are given. Also the deformation mappings relating 
the quantum versions of the above algebras to the generators of the respec- 
tiveT non-deformed ones will be provided, as they will be important in the 
next Section for the analytic realizations. Section IV will extend the method 
of obtaining the generator realizations, described in Section III, to the co- 
products realized on complex functions depending on two arguments. Finally 
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some conclusions are given in Section V. 



II.- Coherent states and deforming mappings 

Let G+jG- and Gq be the generic expressions for the generators of the 
three-dimensional algebras Q = wh, su{2) and The (unnormalized, 



see below) coherent states (see |]T6|, |T^, |T8|, |T^, |20[ to which we refer for details 
on the general group definition of coherent states) can be defined generically 
as: 

|C) = ef"^+|0>, (C|=<0|e^^-, (1) 

where |0 > is the corresponding lowest weight state of the different algebras, 
i.e. 10 >= |n = > is the Fock vacuum state for the oscillator; \(f) > is given 
by \j,m = -j > for su{2) with j = 1/2,1,3/2,... and |0 >= \k,l = > 
for sm(1, 1) with k = 1,|,2, |,.... The round ket indicates that the CS are 
unnormalized; the normalized ones are given by \( >= --j==\(). 

The complex variables C (C = a,z, ^) label the CS; ( and ( are the 
projective coordinates of the respective coset spaces G/H where H is the 
isotropy group of the vacuum state |0 >, namely G/H = WH/U{1) ~ 
SU{2)/U{1) ^ S^;SU{1,1)/U{1) ^ S^^\ i.e. the two-dimensional plane, 
sphere and hyperboloid respectively. Moreover G+ stands for the generic cre- 
ation operator which together with the two other generators G_, Go, close into 
the respective Lie algebras G. 

One of the generic relations that will be extensively used below reads 

/(Go)] = (/(Go T 1) - /(Go))G± (2) 

for any analytic function / of Go; this relation is common to the three algebras 
considered and is a consequence of the first commutator in eqs. (4), (5) and 
(6) below. It also follows from the definition (1) that G+|C) = <9^|C); = 

Let us now turn to the deforming mapping by which the generators of the 
quantum g-oscillator, sUg{2) and sUg{l, 1) are written uniquely in terms of 
their non-deformed counterparts. Generically (see eg. ^ ^ pT|), 



(3a) 



Gl = Go (36) 

where Gq = N, J^, and G%. = a^, J± , iiT^ and F='=(Go) is given for each 
algebra by 





whq 


SM,(2) 


SMy(l, 1) 


F+(Go) 


I [N+l] 
V N+l \ 


/ [J3+i+il[J3-i] 

' (^3+j+l){^3-j) 


1 [K3-k+l][Ki+k] 

Y (K3-fc+l)(fe3+fc) 


F-{Go) 




/ fJs-j-ilfJs+il 


/ [Xa-fcKft-s+fc-l] 


V iV \ 


' (^3-j-l)(J3+i) 

Table 1 


Y (K3-fc)(X3+fc-l) 



The deformed generators have the respective commutation relations: 

[iV, a J] = ±aj , [a~, a+] = [iV + 1] - [iV] (g - oscillator)- (4) 
[J|,ja=±J^ , [J|,J^] = [2J|]) («x.,(2)); (5) 

and 

[i^|,i^^] = ±i^^ , [Kl,K'L]^-[2Kl] (.«,(!,!)), (6) 
where the square bracket is defined by [x] = ^i^t-- 

III.- Realizations of the g-algebra generators 

We shall now develop a method which will enable us to specify complex 
analytic realizations of the generators of the above quantum algebras. This 
method will utilize the factorization provided by the deforming mappings (3) 
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by which a deformed generator is given by a non-deformed one times a defor- 
mation operator factor F (Table 1). 

Let us consider the action of Gl on a generic state | > leading to another 
state l^i >, 

Gf I* , (i = +,-,0) . (7) 

Then, 

(C|G?|* >= (CI*. > (8) 

may be used to define the representative 7^^{G^) of the generators Gf acting 
on functions ^{C) defined on the general C-Bargmann space, 

n,{Gl)m ^ MO (9) 

with ^{() = (C|vi> > and $,(C) = (C|<f. > . 

Since Gq = Gq (eq. (3b)), in what follows we shall concentrate on G± only 
and give the result for ^/^{Gq) at the end. Using eq.(3) the l.h.s. of eq.(8) is 
written 

{C\Gl\^>^{C\G±F^(Go)\^>^r±(C\fHGo)\^> , (10) 
where the actions {C\G± have been evaluated using the following formulae for 

the wh, su{2) and sm(1, 1) coherent states: 

{a\a'^ = a{a\ and {a\a = da{a\ {ordinary oscillator) ; (11) 

{z\J+^{z\{j-J3)z and {z\J- ^ {j + Js)z-^ W2)) ; (12) 

and 

(e|X+ = (e|(i^3 + fc)e and m_^{^\(K,-k)r' Wl,l)) , (13) 

and r+ (r_) are given by a,z,C, {da, z~^,^~^). Then, by virtue of the above 
relations, the factorizations (3a) and Table 1, we obtain for the f^{Go) defined 
by (10) the following values: 
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SUq{2) 



a 
da 



U - Js 



N+1 



^ ij + Js) 



z 



[■h+j+l][J3-j] 
{■h+j + l){J3-j) 

[J3+j][J3-i-l] 
(J3+i)(^3-j-l) 



{K3 + k) 
{K3 - k) 





[K3- 


-k+l][K3+k] 


[K-i- 


-k+l){K3+k) 


[K,i- 


-k][K3+k-l] 


{K3- 


-k){K3+k-l) 



Table 2 

where we have also introduced the definitions of t±. 

Using the CS defined by (1), the r.h.s of eq.(lO) can be cast in the following 
form: 



r±(C|/^(Go)|* >= r± < 0|e«^-/±(Go)e-«^- .e«^-|* > 

= r± < mHGo) + C[G-, fHGo)] + ^[G-, [G^, fHGo)]] + ...}e^«- 1* > . 

(14) 

Using now relation (2) we may arrange the nested commutators in the last 
equation in such a way that the functions of the generators Gq always appear 
at the left of the monomials of G-. This yields 



r±(C|/^(Go)|* >= T± < (j>\{Bi + CBfG. + ^BfG'. + ...}e^«i^ > 

= r±<<P\{j:S^^G^}e^<'-\^>, (15) 

where 



^ afHGo + m)- iZ-i) fHGo + m - 1) + ...(-l)-(-)/±(Go) 

m 

= 5:(-l)-^(-)/±(Go+p) (16) 

and m = 0, 1, 2, ... 

As the Go generators arc all diagonal in the basis of the states constructed 
from their lowest weight |0 >, we will have generically that 
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< <P\B^ =< <P\bi , (17) 

where the numerical eigenvalues will be evaluated explicitly below for each 
of the three algebras considered. Using (17), (1) and that {C\G- — ^clCL ^q. 
(15) now leads to 

r±(Cl/^(G'o)|* >= r±{&o^ + 6fC9c + f C'aJ + ...}(Cl* >^ ^GlMO, (18) 

where 7r^(G±) defines the realization of G± on the functions ^(C)- Let us 
notice that in the 5^5(2) case, the expansions (15) and (18) terminate since 
then = J±'^^ is zero on any vector of the representation space. 

Collecting now all the above results and replacing t± by their values (Table 
2) the following realizations for the deformed generators are obtained: 



a) Quantum deformed oscillator 

00 L+ 

7r„(a+) ^d^J2 (19a) 

m=0 

00 L- 

7r„(a-) = a ^ ^a^d^ (196) 



7r«(iV) = ad^ , (19c) 

where 



with 



since for instance < 0\f+{N + p) =< OU/^ =< 0|/p+. 
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The carrier space for this reahzation L'^{C, ^ (^fy) possesses an orthonormal 
basis formed by the monomials {7n(Q;) = {c(\n >= n = 0, 1, 2, ...}, where 

< 7n(Qi),7n'(«) ^nn' = " / (fae~°"^%{a)jri'{cy) (21) 

TT J 



smee 



1 = 1/ rf2^e""|a)(a| . (22) 



TT 



The action tTq of the generators a^, N on the basis vectors is given by the 
usual expressions 



7ra«) -^ = ^[n + l] (23a) 
vn! y^(n + l)! 

7r„(iV)^ = n^ . (23c) 

In the g — > 1 hmit eq. (20b) shows that — > 1 and it is simple to check in 
eq. (20a) that ^ 1 and — > 0. As a result, the previous expressions 
yield the expected 'classical' limit relations 77^(0^) — > ct, 7rQ,(a~) — > 9^ (and of 
course T^a{N) — ado) of the oscillator Bargmann algebra. 

b) sUq{2) algebra 

Proceeding similarly, we find 

^^(4) = z i: §^"^5r (24a) 

m=0 

7r,(J^) = ^^"^r (246) 

m=0 



7r.( J|) = -J + , (24c) 



where now 
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m 

and 



[23-p][p + l] 
\ (2j-p)(p+l) 



[p\[p-23-l] 

\ p{p - 2i - 1) 



(256) 



which follow from computing < j, — j|/^( J3 + p) using Table 2. 



The Hilbert representation space L'^iC — {00}, 



(2i+i) 



following basis {7n(;s) = {z\n >= {^■'^^Y^'^z^'^"', 
mality conditions, 



n 



(i_^l^|2)2j+2 ) admits the 
-j,-.-,j} with orthonor- 



< 7n(^),7n'(^) >= Sr, 



i^j + 1) 



±11 /■_ 
TT 7 fl 



nv^lnizhn'iz) , (26) 



(1 + |z|2)2j-+2 

where the new measure is designed so that the ■jn{z) states are orthonormal 



smce 



_ (2j + 1) / 

TT 7 fl 



|Z)(Z| . 



(27) 



(l + |2|2)2j+2 

The action of the deformed generator on the unit vector of the representa- 
tion space reproduces the familiar q'-Fock expressions 



(28a) 



and 



T^z{J^) lm{z) = ^J[j +m\\j -m+1] -fm-l{z) 



(286) 



(28c) 



In the zero deformation limit, g — > 1, /^^ — > (2j — p) and fp ^ p (eq. 
(25b)). Then, — > 2j, bf — > —1 and all the other 6+'s become zero. Thus, 
"^ziJl) '^jz — z^dz- Similarly 67 ^ 1 and the other 6~'s are zero in the same 
limit and we obtain nz{J-) d^, the realization TCziJs) = —j + zdz remaining 
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unaffected. Thus, the reduction to the ordinary coset representation (see e.g. 



17| , |T8|, |l9l) of the su(2) algebra is provided by the classical g — > 1 limit. 



c) suq(l, 1) algebra 

Finally, for the suq{l, 1) generators we find the realization 



m=0 



ml 



CO L- 

^—1 \ ^ m c^mQm 
' ^ im 1 ^ 



m=0 



with 



E(-i) 



m—p(m\ f± 



p Up 1 



p=0 



where now Table 2 gives for < A;,0|/^(-ft'3 + p) the expressions 



(29a) 
(296) 
(29c) 
(30a) 



/+ = (2A; + p). 



[p+l][2k + p] 
\ (p+l)(2fc + p) 



and f~ 



Pa 



[p][2fc + p- 1] 
\ p{2k + p-l) • 



(306) 



The representation space is now the Hilbert space of square integrable func- 
tions with support on the open unit disk on the complex plane, D = {E, E C : 
< 1}, denoted by L'^{D, 



(2fc-l) 



■ (-]^_|g|2-)-(2fc-2) ) which has the basis of vectors 

{7n(0 = >= i ^nwrn ) ^ Cn = 0, 1, 2, ...}, satisfying the orthonormality 
condition 



(2k — 1) f 

< 7n(0, 7n'(0 >= Snn' = ' ^^^^^ ^ ^ _ |^ 1 2) -(2fc-2) (OTu^O (31a) 

corresponding to the completeness relation 

(2fc-l) f (P^ , 

The action on the above basis monomials is given by 

7r^(ir|) 7„(0 = ^[2k + n][n + 1] 7„+i(0 , (32a) 
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HiKl) 7n(0 = \l[^k + n + l][n] 7n-i(0 , (326) 

and 



7r«(i^|)7n(0 = (^ + n)7n(0 • (32c) 

If there is no deformation fp^2k + p and fp ^ p (eq. (30b)). Then, 
eq. (30a) gives 6~=o — ^n>2 — ^^^d = 1 so 7r5(i^i) 'k^{K_) — d^, and 
n^{Kl) 7r^{K+) = 2A;^ + ^^9^; 7r^(-fr3) is again given by (32c). 

Having derived a complex analytic realization of the three algebra gener- 
ators we shall give in the next Section the realizations of the corresponding 
co-products. 

IV.- Analytic realizations for the co-products 

In order to construct a realization of the co-products we shall write them 
generically in the form 

AGl ^Gl(g) g{Go) + g'{Go) Gl (33a) 

AGl = Go 1 + 1 (g) Go , (336) 

where g{Go) and g'{Go) will be explicitly found for each algebra separately. 

As the co-product of each algebra generator acts in the tensor product of 
the representation space of the algebra, we shall look for a analytic functional 
realization carried by functions of two variables. To this aim consider 

(Cil (C2|AGi|* (Cil ® {C2\Gl ® g{Gl)\^ > + 

+ {Ci\^{C2\g'{Gl)(S)Gl\^> . (34) 
Using the deformation mapping (3) and eq. (10) this equation gives 

(Cil (C2IAGII* >= ri(Ci| ® (C2|/^(Go) g{Go)\^ > + 
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+T|(Ci|®(C2b'(Go)®/^(G'o)|*>=/i + /2 , (35) 

where and r^, where the indices refer to the first or second term in the 
tensor product, are the same as in Table 2 for the different algebras. We shall 
now compute Ii and limit ourselves to give the formulae for I2, since they are 
derived in exactly the same fashion. Using again definition (1) we find 

(e^i^- (g)e^2^-)|* > . (36) 

Expanding the exponentials in the above formula and rearranging the ensuing 
nested commutators for /^(Gq) and g{Go) as we did for eqs. (14,15) we obtain 




(37) 

where / is the appropriate limit for each algebra, are the functions of Go 
introduced in (15), (16) and (17), and the operators are defined (cf. (16)) 
by the expansion 

Cm = ag{Go + m) - iZ-MGo + m - 1) + ... + (-l)-(-)^(Go) 

m 

-Ei-^r-X)9iGo + p) . (38) 

p=0 

On the vacuum, < 0|Gm =< (f>\cm (the numerical eigenvalues will be specified 
later for each algebra separately). Then, using that (C|G_ = d(^{(\, eq.(37) 
may be written as 



I 

E 

n,m=0 



^'^CKTGl (8) G? 
n\ ml 



I* > 
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± 



' b^c 

n,m=u 



= rr > —LWo'o-/. o;: (Ci I (C2 1 ) I * > 

= 7rc,(G^)7rc,(^(Go))*(Ci,C2), 
where we have used (18) for the identification 



n=0 



and written 



m=0 



im 



(39) 



(40a) 



(406) 



Collecting all results for eq.(33) the realization of the co-product is obtained, 



7rc,c.(AG'^)*(Ci,C2) = (Cil ® (C2|AG'l|^r >= 



= [^^AGDhMG,)) + hA9\G,))7^^,{GI)] *(Ci, C2) , 
and, similarly. 



(41) 



7rc,c.(AGg) = K,(Go) + vrc,(Go)] ^(Ci, C2) 



(42) 



As there is no satisfactory co-product and bialgebra structure for the q- 
oscillator, we shall now specialize to the suq{2) and suq{l, 1) cases for which 
we have, respectively. 



A4 = 4 (g) q^"^ + ?--^3 ® Jl 



(43a) 



A J| = J| 1 ® 1 J| , 



(436) 



and 



AX| = X| 1 + 1 (8) ir| 



(44a) 
(446) 
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so that giGo) = and g'{Go) = q~'^° with Gq = J3, respectively, 
a) suq{2) 

For the sUg{2) case eq. (41) and (42) give 

7r,,,,(AJ^) = 7r,,(4)7r,,(g-^3) +7r,,(g-^3)7r,,(J^±) (45a) 

71,,,, ( A J|) = 71,, ( J|) + 71,, ( J|) (456) 



where (cf. eqs. (40)) 



n=0 



^...(?^'^^) = E S^rA™. > (46c) 

m=0 



where the 6's are given by eq.(25) and (cf. eq. (38)) 



4 = oq^'--'^'^^ - + ...{-irq^' = 5:(-i)-^(;)g±(-^-+^') . 

(47) 

The reahzation of the co-product acts on the tensor product of two repre- 
sentation spaces which is spanned by the basis 



Inmizi, Z2) = {z,\^ {Z2\.\n > ®|m (f+J^(f+J^^i+"^r", (48) 

and which satisfies an orthonormahty relation induced by that in each of the 
factors (eq. (26)). On the basis elements Jnmizi, z^) the action of 7^,,,, is given 
by (cf. eq.(28)), 

7^„,,{i:^J'i^-in,m{zx,Z2) = 



^[7' T ± n + l]g™7n±i,m + g ''\j\^^m\\^ l]7n,m±i , (49a) 
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7rziz2(AJ|)7n,m(2;i,^2) = (n + m)7n,m(^l,^2) ■ (496) 

b) SUq{l, 1) 

Finally, for the sUq{l, 1) case, eq. (41), we find 

n^,^,{AKl) = 7ra(i^i)7r5,(g^3) + n^,{q-^')n^,{Kl) (50a) 

n^,^,{AKl) ^ n^,{Kl) + n^,{Kl) , (506) 



where 



OO 7± 



m=0 



7ra..(i^^) = ^ + 6,2%,. (516) 



OO 

r-9 



m=0 



where the coefficients 6^ are given in eq.(28) and the in this case read (cf. 
eq. (47)) 

m 

4 = Oq^^"^""^ - {Z-M^^''^""'-^ + - + (-i)"'?^' = ^(-i)™-V^'+^^ • 

(52) 

As for sUq{2), the orthonormal basis which spans the representation space 
of the above co-product realization inherits its orthonormality properties from 
eq.(31) and reads 

7nm(Ci,6) = (61 ® i^-^Wn > ®\m >= 
_ / r(2A: + n) \ ^ ( V{2k + m) \ ^ 

" n!r(2A;) J 1^ m!r(2fc) J ^^^^ " ^^^^ 
Extending the action expressed by eqs. (32) to the co-product realization 
of the sUq{l, 1) generators we obtain 
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(51a) 

7raa(AKi)7„,^(ei,e2) = ^J[n][n - 1 + 2A;]g'=+-7„_i,^(6, 6) + 

g-(^+'"VHh-l + 2%n,m-i(ei, 6) (546) 

and 

7r^,^2(AA'|)7„,^({i, 6) = (2A; + n + m)7„,^(6, 6) ■ (54c) 

v.- Conclusions 

In this paper we have looked for reahzations of quantum algebras in terms 
of ordinary differential operators. We have found their expression for certain 
g-algebras for which there exist functional deforming mappings relating the 
deformed and non-deformed generators which allow us to write explicitly the 
deformed generators as elements of the original enveloping algebra. The q- 
oscillator, sUq{2) and sUq{l, 1) quantum algebras are particular cases of this 
class, and the method of constructing realizations relies on the ordinary co- 
herent states for the undeformed Lie algebras. 

Finally, we recall that the realization for the deformed algebra generators 
obtained here is given in terms of a series of powers of derivatives with q- 
dependent coefficients which in the classical q ^ 1 limit reproduces the vector 
field generators of the Lie algebra. Thus, the appearance of ordinary but higher 
order derivatives provides an alternative way of describing the deformation 
process. 
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